INTERPOLATION IN NON-POSITIVELY CURVED KAHLER 

MANIFOLDS 



CHRISTOPHE MOUROUGANE 



We extend to any simply connected Kahler manifold with non-positive sectional 
curvature some conditions for interpolation in C and in the unit disk given by 
Bcrndtsson, Ortega-Cerda and Seip. The main tool is a comparison theorem for 
the Hessian in Kahler geometry due to Greene, Wu and Siu, Yau. 

1. Introduction 

Let {X,u>) be a Kahler manifold, (L,h) — > X be a holomorphic hermitian line 
bundle on X, and A a discrete set of points in X. Consider 

F u ,h ■= {.f e H°(X,L)/ f lf\ldV u < +co} 

and 

ll,h ■■= ^ G T(A,L)/J2HP)\\1 < +°°} 
peA 

We say that the discrete set A is interpolating for T^ hi if f° r every a in l\ h 
there is a section / in T^^h such that = a. 

In the complex plane with its usual flat metric, there is a complete characteri- 
sation of interpolating sets for pluri-sub-harmonic weights comparable to |z| 2 . 
Theorem [Bcrndtsson and Ortega Cerda Q, Ortega-Cerda and Seip ||] 
Consider the trivial line bundle on C with metric hg, :— | | 2 e~* where $ is a 
pluri-sub-harmonic function on C whose Laplacian is uniformly bounded. A set A 
in C is interpolating for J 7 ^ if an d only if it is uniformly separated and 

n *m . < • cardBlz, p) n A 

3p > 0, e > VzeC, A$0) > + e. 

P 

Here B{z, p) is the Euclidean ball of centre z and radius p. 

A simply-connected complete Riemannian manifold with non-positive sectional 
curvature is called a Cartan-Hadamard manifold. An hermitian complex man- 
ifold is called Cartan-Hadamard if its underlying Riemannian space is Cartan- 
Hadamard. 

We prove 

Theorem 1. Let (X,oj) be a Kahler Cartan-Hadamard manifold with sectional 
curvature bounded from below by —k 2 . Let A be a discrete set of points in X and 
(L, h) — > X be an holomorphic hermitian line bundle on X almost analytic around 
A (see definition^). 

If A is a uniformly Lo-separated set such that 3p > 0, e > 0, Vz G X , 

/t\ ■ ■/ \ card B^iz, p) n A . . 

iC}AL) + ricaiuj) > n (1 + kp cotn hp) uj + eoj 

p 2 
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then it is interpolating for T^^h- 

On the other hand, Lindholm |6j obtained on C" necessary conditions for inter- 
polation in terms of the Monge- Ampere measure (idd§) n of the weight. For n > 1, 
there is therefore a gap between necessary and sufficient conditions expressed in 
terms of eigenvalues of the curvature. 

Seip also obtained a complete description of interpolating sets in the unit disk 
with its hyperbolic measure for special weights — ^41og(l — \z\ 2 ) in the trivial line 
bundle in terms of the hyperbolic lower density for A. In the spirit of Q, we define 
for (A, uj) a Kahler Cartan-Hadamard manifold with sectional curvature bounded 
from above by —1/k 2 , A a discrete set of points in A, and x G A 

Da,k( x ) '■= ^2 -logtanh 2 

PEA 
d^(3;,p)>l 

We prove 

Theorem 2. Let (A, oj) be a Kahler Cartan-Hadamard manifold with sectional 
curvature bounded from above by —1/k 2 and from below by —k 2 . Assume A is 
uniformly lu -separated, and (L, h) is almost analytic around A. Then if 

supD\ R < +oo and ich(L) + ricci(to) > ecu 
x 

for some positive e, the set A is interpolating for Tuj,h- 

In the next section, we recall some comparison theorem in Riemannian geometry 
from Q and jio) . In section ||, we prove that under some assumption relating the 
complex structure and the metric structure uniformly on A, the uniform separation 
is necessary. The section |] is devoted to prove theorem [j] and the section || to prove 
theorem |2[ 

Note that using the extension theorem of Ohsawa-Takegoshi-Manivel , one can 
get interpolation results on Stein manifolds, expressed in terms of an equation for 
the set A. 

In the whole work, we will denote by C any constant which only depends on 
quantities fixed before. 

2. Comparison theorems in Riemannian geometry 

In a Cartan-Hadamard manifold the exponential map is at each point a dif- 
feomorphism. There is no conjugate points. The distance between two points 
is achieved by a unique geodesic. Hence, the distance function from any point 
is smooth. Recall that by a result of Wu (see (ll[| page 100) a Kahler Cartan- 
Hadamard manifold is Stein. As a consequence of these facts, any holomorphic line 
bundle on a Kahler Cartan-Hadamard manifold is trivialisable. Nevertheless, it is 
more convenient to state the results, especially the admissibility condition, in terms 
of hermitian line bundles instead of pluri-sub- harmonic weights. 

By comparison theorem of Rauch (see for example || page 76), lower bounds on 
the sectional curvature yields upper bounds on the Jacobi vector fields and hence 
on the norm of the differential of the exponential map. By other forms of the 
comparison theorem (see Q page 118-119), upper bounds on sectional curvature 
yields lower bounds on volume. 



d^{x,p) 
2k 
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We will state the comparison theorem for the Hessian (see j| Theorem A page 
19) in a form suitable for our purpose. The proof of it relies on a precise form of 
the formula for second order variation of arc length, and on a relation between real 
and complex Hessian on Kahler manifolds (see Jll| page 102). 

Theorem Let M be a Kahler Cartan-Hadamard manifold of dimension n and 
constant sectional curvature k. Let / be a non-decreasing function on [0, +oo[. Let 
be a point in M. Assume idd /(<2m(0, •)) = g(d,M(0, -))^m for a function g on 
[0,+oo[. 

Let X a Kahler Cartan-Hadamard manifold of dimension n and sectional curva- 
ture bounded from below (resp. from above) by k. Let xq £ X . Then 

iddf(d x {x , •)) < g{d x {x , -))^x- 

resp. 

iddf(d x (xo, •)) > g(d x (x , -))^x- 

3. ON UNIFORM SEPARATION 

We generalize the condition on the weight posed in earlier works on interpolation. 

Definition 1. Fix Mi in [0, +oo[. An hermitian line bundle (L, h) — ► U on an open 
set U of C n has an Mi-regular frame e on U if the weight function $ := — log h(e) 
can be written as the sum 

l<a<N 

where the o~ a are holomorphic functions on U with oscillation sixp x yeU \o~ a (x) — 
cr a (y)\ 2 bounded by M% and all second order real derivatives of the deformation 
weight $de/ are bounded by —Mi and M% on U . 

Definition 2. An hermitian line bundle (L, h) — > X is said to be regular around A 
if there exists positive numbers r, A, /i and Mi such that for all p S A, there exists 
a coordinates chart \l/p : (U, 0) C C" — > (V,p) C X centered at p such that 

(i) 9 P (U) D B u (p,r) 

(ii) {^pL, h) has an M 2 -regular frame e on ^ p 1 (B UJ (p,r)). 

(hi) The differential d^ p : (TU,^*(j(jp)) -> (TV,w) satisfies \x < \d%l < A on 
*- 1 (B«(p,r)). 

Remark first that (iii) implies 

V-deud < duj < \d euc i on B u (p, r) 

where d euc i is computed with the constant metric ^*uj(j)) on U. 
In this section, we will prove the following 

Theorem 3. Let X, L and A as in the introduction. Assume X is a Kahler Cartan- 
Hadamard manifold and that (L, h) — > X is regular around A . 
Then, if A is interpolating for T u ,h, it is uniformly uj- separated. 

3.1. On regularity. It can be proved from the fact that N is interpolating in C for 
the weig ht \z\ 2 that the non-uniformly separated set {^Jn,n € N} is interpolating 
in C for the weight \z 2 \ 2 . This explains our restriction on the metric h. 
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3.2. Mean value estimates. According to ||] (Theorem B page 43), for all p in 
a Kahler Cartan-Hadamard manifold, for all holomorphic function / on B^ (p, r) 
and all x G B LU (p, r/2), 



l/(*)| 2 < 



|/| 2 dK,. 



vol euc i(B euc i(r/2)) JB a {x,r/i) 

We now assume the hypothesis of theorem ||. The following estimates relies on 
the simple inequalities for x,z m. B UJ (p,r) 



\v a {x)\ 2 + 25R (v a {x)(a a (z) - a a (x))j = \a a (z)\ 2 - \a a (z) - cr a {x)Y 

> \<J a (z)\ 2 -M 2 

and with the coordinates (zk) provided by 



$(x) + 23?(^||-(x)(z fc -z fc (.x)) N ) > <5>{z)-\M 2 {2n) 2 \z-x\ 



2 

eucl 



> $(z) - -M 2 (2n) 2 



Then, for all holomorphic section / of L on B LU (p, r) and all x in B u (p, r/2), 



\f{x)f h = |/(ar)| 2 e-*(*) 
C* 



- £ (T Q (2:)(cr Q (z)-cr cl (a:))- £ —g^J-(x)(z k -z k (x)) 

y e l<c»<JV l<fc<n e 



C 



B„(a;,r/2) 



3.3. Gradient estimates. Let / be a holomorphic section of L on B UJ (p,r) and 
x in B u (p,r/A). Denote by s any coordinate among the Zk — Zk(x) centered at x. 
Then 



d_ 



(ll/(z)!D|s=o 

= JG) e -*(*)(?L - — 

\ds\s=o ds 1 6=o 



/(«)e-*W^ l/(«)e 



|s=0 



= /(a:)e- 



f(s)e ^ N e~ fr 2 — . 



Now, note that thanks to the regularity assumption 



- E ^(x)(a a (z)-a a (x)) |P-(0)< 

f{s)e ^ N 



-* {x) < C\\f(s)H 
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By the mean value estimate, we get 



§- s (\\m\\t)\s= 



< c 



\f\ldV„ 



3.4. Uniform separation. Choose an interpolating set A for !F u> h- Assume it 
is not uniformly w-separated. Then, there exists a subset A' (still interpolating) 
non-uniformly separated but such that any intersection of three balls among the 
Bu>{pi, r) is empty. Hence, by the mean value estimate, the evaluation map 



evA> ■ Fu.h 
I 



I 2 

f\A> 



is well defined and continuous. By the open mapping theorem, A' is stably inter- 
polating, i.e. 

3iT,VaeJi, ifc> 3/e^V/|A'=aaiid f \f\ 2 h dV u < K ^ \a(p)\ 2 h < +00. 

For all po in A' denote by f Po any stable solution for a ^ at po and a = on 
A' — {po}. By the gradient estimate, we infer if p G A' n B u (po, r/4), 

I/ Po Cpo)|£ = \\\F a (Po)\\l - \\f po (p)\\l\ < \p-Po\ I \f\ldVu < ^dUp,Po)\\P°(Po)\\l 

Jx M 

which contradicts the assumption that A' is not uniformly separated. 



4. Interpolation on non-positively curved manifolds 

We will prove theorem |l| in this section. We first have to describe the admissible 
metrics. 

Definition 3. An hermitian line bundle (L, K) U on an open set U of C" has 
an M2-almost analytic frame e on U if the weight function $ := — log/i(e) can be 
written as the sum 

K\ 2 + $def 

l<a<N 

where the a a are holomorphic functions on U and all second order real derivatives 
of the deformation weight &def o-re bounded by —Mi and Mi on U . 

Note that nothing is now assumed on the oscillation of the holomorphic functions 
cr a . 

Definition 4. An hermitian line bundle (L, h) — > X is said to be almost analytic 
around A if there exists positive numbers ro and Mi such that for all p € A, there 
exists a coordinates chart ^ p : ([/, 0) C C n — > (V,p) C X centered at p such that 

(I) * P (U) D B u (p,ro) 

(II) (L,h) has a Mi-almost analytic frame e on ^~ 1 {B u {p 1 ro)). 
(Ill) The differential d^ p : {TU,^* p Lu{p)) -> (TV» satisfies (j, < \\d^ p \\ 
on ^(B^ro)). 
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4.1. Local choice. We now make the assumptions of theorem]!} Denote by 2Sq := 
inf P ,qt=A (du(p, 3), Vq). Let a £ l\ h and p € A. On the ball B ul (p,So), consider the 
holomorphic function 

f P ■= a(p) exp I ^2 ~j^r~ ( p )( Zk ~ Zfe (??)) + H a <*(p){<r a ~ fo(p)) 

yi<fe<n fe l<a<JV 

It is in fact a normal frame at p for (L,h). The following estimates relies on the 
simple inequalities for z in B u (p, So) which may be regarded as higher dimensional 
analogues of Riesz formula. 

-\a a (z)\ 2 + 23ft (a a {p){a a {z) - <r Q (p))) = -|cr Q (p)| 2 - |<7 Q (z) - rx Q (p)| 2 

< -ka(p)| 2 - 

and 

-$ de/ (z) + 25R( ^ ^£(p)( Zfe _ Zfc ( p ))J < -t> def {p)+ l -M 2 {2nY\z~p\l ucl 



,l<k<n 



< -<$> def {p) + \M 2 {2nY 5 l 



Then, for all z 6 B L0 (p, So), 



\\fv^)\l^\fv^)\ 2 e-" {z) < C\\a{p)\l 
where C is a constant independent of p G A. 

4.2. Gluing. Let x be a cut-off function defined on R + decreasing, equal to 1 on 
[0, 1/4], and to on [1, +00 [. Then, 



(i 



is a smooth solution of the interpolation problem, holomorphic around A, with the 
growth condition 

/ \F\ldV u < £ / C\\a(p)lldV u 

< cJ2\Hp)\\1 <+°°- 

pGA 

Here, we used Rauch theorem to infer that the balls B(p, So) have volume bounded 
by a constant independent of p. 

4.3. Finding holomorphic sections. We will apply the L 2 -estimates existence 
theorem with a singular weight (see for example || theorem 5.1) in order to keep 
the right values on A. Consider the auxiliary weight 

/ \ X^f-, d u {q,z) 2 d UJ (q,z) 2 \ 

v(z) :=n^ I 1 - +log - I IbmA z ) 

q eA \ " 
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Remark first that, 

Wfp\\le- v dV u 



f \\dF\\ie-vdV^ = [ £ 
Jx Jx peA 



ox 



The term |9x ^ ^^.f^ j | 2 depends on the differential of the exponential map. 

Hence it is bounded by a constant independent of the point p by Rauch theorem. 
Now, 

/ ldF\\ 2 h e-*dV w < CJ2\Hp)\\1 f e- v dV u . 

JX p£A JB^(p,S a )-B^(p,S /2) 

We have to estimate v around p G A. Choose q in A. For z € (B u (p,6o) — 
Bu(p,6 /2)) n B w (q,p), d u (q,z) > d UJ (p,q) - d u (z,p) > 2S - S /2 \f q ^= p, and 
2) > <W2 if 9 = p- Hence, 

i - + io g ^%^ > iog d " (g ; z)2 > io g 4 

p 2 p 2 p 2 4p 2 

Recalling that the number of g in A such that z £ -B w (<7, p) is uniformly bounded 
because A is assumed to be uniformly separated and the volume of B UJ {z,p) is 
bounded from above by the volume of a ball radius p in the hyperbolic space of 
dimension n and of sectional curvature —k 2 , one infers that 



/ \\dF\ 2 h e- v dx < +oo. 
Jx 



Now, the computation of the curvature is simple because the derivatives of 

djjp, z) 2 d u (p,z) 2 

p 2 p 2 

vanishes along dB UJ (p,a). 

iddv = nW lodd "(P> z ) +iddlogd UJ (p,z) 2 )l B{pa )(z). 

P 2 J 

By the comparison theorem with the model M — (C, | | 2 ) and / = log we get 
that logd LJ (z,p) 2 is a pluri-sub-harmonic function. On the other hand, using the 
hyperbolic space of curvature — k 2 as model, with / = x 2 , we get (see [Q page 35) 

idddu)(p,z) 2 < (1 + kduj(p, z) cothkduj(p, z))uj < (1 + kpcothkp)uj 

on£? u (j), p). Hence, 

ich(L) + iddv + ricci(io) 

■ it\ r \ card B w (z, p) H A . 

> iCh(L) + ricciibj) — n t. (1 + kp coth kpjuj 

P 

> euj. 

Solving the equation dG = dF on X endowed with the complete metric w for 
the line bundle L endowed with the metric he~ v , we get a smooth section G of L 
on X such that F — G is holomorphic and J x \\G\j l e~ v dV^ is finite. Now, because 
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v is non-positive, J x ||G|| 2 dK, is also finite. Furthermore, the estimate of v around 
p G A leads to 

/ < C f \\G\le-«dx < +00, 

so that G vanishes on A. 

4.4. Comments on the factor p 2 . The first remark is an homogeneity property. 
The quantity 

card B UJ (z, p) n A 

CO 

P 2 

which appears in theorem ^ applied for flat manifolds is equal to the quantity 

cardB tuJ (z,Vtp) H A . . 
= to; for ail positive t. 

The second remark is a restriction property, which, together with the criterion 
for interpolation in C yields a reason for the factor p 2 . 

Proposition 1. Consider C™ with its usual flat metric uj and (L,h) — > C" an 
hermitian line bundle with M2-regular frame on a neighbourhood o/C ra_1 m C™. 
//A is interpolating for T ' Uy h then AnC" -1 is interpolating for J r U i lcn _ 1 ,h lcn _ 1 ■ 

Proof Let a £ ^AnC"- 1 h" There exists a function / in J-^.h achieving f(p) = a(p) 
for p£ Afl C n_1 and f{p) = for p € A — C n_1 . To check the growth condition, 

|/(z',0)| 2 e -*( z '> ) 

2 



1 



- £ ffc(z',0)(<T Q (z)-ff a (z',0)) g|£l( z ',0)z„ 

/(z',z„)e 



-•S>(z',0) 



< Ce 1 '™'*^™' J \f(z\z n )\ 2 e-^'^dx n dy n . 
z n eD(o,s ) 

We can now apply Fubini theorem because the measure on C™ is a product 
measure. We get 

J c ^ |/(z',0)| 2 e^''°) < Cf cn |/(z)| 2 e-*W < +c^. 

5. Interpolation on negatively curved manifolds 
We will now prove theorem @. 

A\dz\ 2 

The ball B(k) of radius k in R 2n endowed with the metric —y-i^ — has constant 

sectional curvature — 1/k 2 . The distance between and z is 2/s:arctanh— . Hence, 

iddlogtanh 2 dB( -^°'^ - idd\oe\z\ 2 > 0. 
6 2k 61 i - 

Hence, by comparison theorem, for every pel, 

zddlogtanh 2 > 0. 

6 2k ~ 
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Moreover, v p := nlogtanh 2 dx 2 ^''- > is negative and has a pole of order 2n at p. 
Consider v := X^peA v p- assumption on the density, 

v(z) > -sup£> A , K + ^2 v p( 2 ^ 

X PEA 

<M«,p)<l 

Just as we estimated the auxiliary weight in the previous proof, we can estimate v 
on B UJ (p, So) — B ul (p, Sq/2). The rest of the proof follows the same lines as the proof 
of theorem [l]. 

The function v may be compared to a pluri-complex Green function having poles 
on A. 
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